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Abstract

This is an expository note on the online edge-weighted bipartite matching problem with
vertex arrivals, also known as the matching secretary problem, introduced by Korula and Pal
[15]. We specifically focus on the 1/e-competitive algorithm of Kesselheim et al. [13]. We
make several modifications to the original analysis. First, we work in a setting where vertices
are first grouped by an adversary and groups arrive in uniform random order. This answers an
open problem of Korula and Pal [15] regarding constant-competitiveness in the groups setting,
but we note that the problem can also be solved Kesselheim et al. [13]’s result on submodular
combinatorial auctions. Second, our analysis that removes a key “independence” assumption
used in Kesselheim et al. [13] (and related work on online matchings) when lower bounding
the availability probability of offline vertices. Third, we also introduce a randomized threshold
which allows our algorithm to extend naturally to a continuous time setting, where the number
of groups is not known in advance, and the time horizon is fixed.

1 Introduction

In the online edge-weighted bipartite matching problem with (one-sided) vertex arrivals (abbrev.
online BVM problem), we are given a bipartite graph where we know the right vertices in advance,
and the left vertices arrive one-by-one. Whenever a left vertex arrives, we observe all incident
edges and their corresponding weights, and must immediately and irrevocably match it to one (if
any) of the unmatched right vertices. Each vertex (on both sides) can be matched to at most
one other vertex. We know the number of left-vertices in advance, and most importantly, each
arrival order for the vertices is equally likely. Our goal is to maximize the weight of the constructed
matching. For the online BVM problem, an algorithm is said to be c-competitive, if in expectation,
the matching it returns is at least c times the optimal offline matching over the entire graph.

The online BVM problem was first introduced by Korula and Pal [15], who provided a 1/8-
competitive algorithm, which was improved on by Kesselheim et al. [13], who provided an optimal
1/e-competitive algorithm. Korula and Pal also considered another interesting variant of the
online BVM problem, where the left vertices are first partitioned into groups by an adversary,
with both the grouping and number of groups fixed beforehand1. Here, we know the number of
groups in advance, and the groups arrive one at a time with uniformly random arrival orders. For
each arriving group, we observe all vertices within the group at once, their incident edges, and
corresponding weights, and must immediately and irrevocably decide how to match (some or all
of) these left vertices to available unmatched right vertices. We call this the online BVM problem
with groups (online BVM-G problem).

In particular, Korula and Pal suggested that an improved understanding of groups—and their
contribution to the difficulty of secretary-type problems—is likely to be of interest. They noted
that few lower bounds for these problems are known beyond 1/e for the original secretary problem,
and that obtaining such bounds may require new techniques. Finally, they posed the open problem
of finding a constant-competitive algorithm for the online BVM-G problem.

1Fixed here means that the adversary cannot form groups in response to the algorithm’s choices or the set of
vertices seen thus far.
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1.1 Our contributions

In this note, we solve the open problem of Korula and Pal [15] by providing a 1/e-competitive
(and thereby optimal) algorithm for the online BVM-G problem. We present two approaches to
establish this result.

First, we learned via personal communication with Kesselheim that the online BVM-G problem
can be reduced to an online submodular (or XOS) combinatorial auction. We include this reduction
with full detail. Second, we provide a direct analysis of a natural modification of Kesselheim
et al.’s [13] algorithm for the groups setting. This algorithm skips the first τ groups, where τ ∼
Binom(q, 1/e) is randomly drawn, then computes a max-weight matching on the subgraph induced
by all vertices observed thus far for each arriving group, accepting all edges incident to vertices
in the arriving group. In [13], they skip only the first ⌊n/e⌋ groups and achieve a competitive
ratio of 1/e − 1/n.2. We randomize the number of elements skipped and prove our algorithm is
1/e-competitive3. Later, we define a more ‘practical’ continuous time setting, where the number of
groups is unknown, and the time horizon is fixed, and briefly detail how our randomized threshold
allows the algorithm to extend to this case. We note that this setting was presented earlier by
Bruss [3] for the classical secretary problem.

We highlight a technical contribution within our direct analysis: an alternative proof of the
lemma lower-bounding the probability that a right vertex remains available at a given iteration.
Analyses of algorithms based on Kesselheim’s approach—where a matching is recomputed on the
current subgraph at each step to inform the selection rule—typically rely on this lemma. Prior
proofs often rely, either explicitly [13, 9] or implicitly [2], on the independence between the event
that a right vertex is matched in a specific iteration and the event that it remained unmatched prior
to that iteration. Our proof establishes this lower bound while entirely removing this independence
assumption. We believe this alternative proof may be useful in future analyses of Kesselheim et al.’s
[13] algorithm under general nonuniform arrival order distributions.

1.2 Related Work

Over the years, many variations of online matching problems have been explored. For adversarial
arrivals and unweighted edges, Karp et al. [11] presented a randomized algorithm attaining a
competitive ratio of 1 − 1/e, with a matching lower bound. When all edges incident to the same
vertex are the same weight, this is essentially the vertex-weighted case, for which Aggarwal et al.
[1] presented a 1 − 1/e-competitive algorithm. Subsequently, Devanur et al. [5] provided a far
simpler randomized primal-dual analysis for both settings under adversarial arrivals.

For general weighted edges in the adversarial arrival setting, Aggarwal et al. [1] proved that
no random algorithm can be constant-competitive, without additional assumptions. One such
assumption is the free disposal assumption, which allows edges added to the matching to be
discarded at any time. Under this assumption Fahrbach et al. [7] introduced an algorithm achieving
a competitive ratio of 0.5086.

Another way of making the general edge-weighted case tractable is by assuming the vertex
arrival orders to be uniformly random. For graphs with only one offline vertex and n online vertices,
this is then equivalent to the classic secretary problem. This problem has been extensively studied
(see Ferguson [8] for historical specifics). The optimal algorithm skips the first ⌊n/e⌋ arriving
vertices, then matches the first vertex arriving afterwards whose incident edge weight exceeds all
previously observed edge weights, achieving the well-known competitive ratio of 1/e. In light of
this, problems involving the uniform random arrival order assumption are often called secretary-
type problems; our problem is sometimes dubbed the matching secretary problem.

In addition to the aforementioned results for the matching secretary problem of Korula and Pal
[15] and Kesselheim et al. [13], Kaplan et al. [10] presented an order-oblivious proof showing that
the greedy-based algorithm of Korula and Pal [15] was in fact 1/5.83-competitive, with a matching
lower bound. They also provide a counterexample showing that replacing the greedy subroutine

2If we directly followed their analysis, we would get a competitive ratio of 1/e−1/q. However, since an adversary
chooses the number of groups q, this is not optimal in our setting.

3There are several ways of removing the 1/q factor. Randomizing the number of elements skipped, as we do here,
is one way, but isn’t necessary. Skipping a fixed ⌊n/e⌋ elements, as they do in Theorem 2 of [13] can also yield a
1/e competitive ratio if one doesn’t use the integral lower bound for the sum. We don’t include the details here.
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with an optimal matching subroutine for the algorithm in Korula and Pal [15] causes it to perform
arbitrarily poorly. Hoefer and Kodric [9] study modifying the algorithm in Kesselheim et al. [13],
where instead of computing the max-weight matching at each step over the vertices observed so
far, they compute a greedy-matching. Using the same analysis as Kesselheim et al. [13], they find
their algorithm to be 1/2e-competitive. Their modification has the added benefit of requiring only
ordinal information.

While our setting concerns bipartite graphs, Ezra et al. [6] studied the setting with uniform
random edge arrival orders and also the setting with uniform random vertex arrival orders over
general graphs. For vertex arrivals, they present an algorithm with a tight competitive ratio of
5/12. For edge arrivals, they present a 1/4-competitive algorithm.

In many applications, however, arrival permutations are not uniformly random. Recently,
Kesselheim et al. [14] investigated secretary-type problems under non-uniform arrival order distri-
butions. They show that for certain non-uniform distributions with Ω(log log n) entropy, the stan-
dard secretary algorithm remains 1/e-competitive, and they also present a (1 + o(1))-competitive
algorithm for the k-choice secretary problem. They also show that the greedy-based algorithm of
Korula and Pal [15] performs arbitrarily poorly for the online BVM problem under such distribu-
tions. A special case of non-uniform arrivals is the group setting, introduced by Korula and Pal
[15] for the online BVM problem, where vertices arrive in predefined groups. Korula and Pal [15]
showed that their greedy-based algorithm fails in this setting.

2 Edge-weighted Online Bipartite Matchings with Groups

We formally state the online BVM-G problem below.
We are given an edge-weighted bipartite graph G = (L ∪ R,E) with a non-negative weight

function on the edges, w : E → R≥0. The set of vertices R is known in advance. The set of vertices
L is partitioned into q disjoint groups, L =

⋃q
j=1 Bj . This partition is adversarially chosen and

fixed before the online process begins. The total number of groups, q, is known to the algorithm.
The groups B1, . . . , Bq arrive sequentially in a random order, where each of the q! possible

permutations of the groups is equally likely. At step i ∈ {1, . . . , q}, a group B arrives. Upon its
arrival, the algorithm observes all vertices within B and all edges incident to them, along with their
corresponding weights. The algorithm must then immediately and irrevocably decide to match any
subset of the vertices in B to currently unmatched vertices in R. The objective is to design an
algorithm that maximizes the expected total weight of the final matching, where the expectation
is taken over the random arrival order of the groups.

2.1 Reduction to Submodular Combinatorial Auctions

It was brought to our attention by Thomas Kesselheim [12] that this setting can be viewed as a
submodular combinatorial auction. We present a proof using this perspective below. Consider the
following algorithm, which is adapted from [13] to handle the groups setting.

Algorithm 1 Algorithm for Bipartite Matching Secretary with Groups

1: Set τ = ⌊q/e⌋ and skip the first τ groups.
2: For each subsequent group B(i) (where i > τ):

• Compute the optimal matching, M
(i)
opt, on the subgraph of G induced by the vertices of

all i groups seen thus far.

• For each vertex v ∈ B(i), if the edge (v, r) is in M
(i)
opt and the vertex r is currently

unmatched in M , add edge (v, r) to M .

First, we will sketch a reduction of the online BVM-G problem to a submodular combinatorial
auction. Then, using a result of [13], we can then conclude that there exists a 1/e-competitive algo-
rithm for online submodular combinatorial auctions. This immediately implies a 1/e-competitive
algorithm (Algorithm 1) for the online BVM-G problem. Note that for a finite set Ω, we say that
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a set function f : 2Ω → R is submodular if for every X,Y ⊆ Ω, such that X ⊆ Y , and for every
x ∈ Ω \ Y , we have that f(X ∪ {x})− f(X) ≥ f(Y ∪ {x})− f(Y ).

A simplified setting of online combinatorial auctions can be defined as follows: suppose we are
running an auction, with n bidders, and m items. For each bidder v, and every subset T of the
m items, we may define a valuation function wv : 2m → R≥0, so that wv(T ) is the valuation of
T for bidder v. Whenever a bidder vi arrives, we must decide which subset Ti of the m items
we would like to allocate to them, without knowing the valuations of bidders arriving after. The
bidders arrive in uniform random order, and the valuations may be unbounded. The goal, is then
to maximize the total social good

∑n
i=1 wvi(Ti). Note that when each item can be assigned to at

most one bidder, this corresponds exactly to the online BVM problem.
Now, in the online BVM-G problem, for each of the q groups, we may simply treat each group

Bi as an individual bidder. Define a valuation function wBi
(T ) so that for every subset of right

vertices T ⊆ R, wBi
(T ) is the weight of the maximum weight matching over the subgraph of G

induced by the vertices Bi ∪ T . Since the groups arrive in uniform random order, it is easy to see
that this corresponds to an online combinatorial auction.

Note that Algorithm 1 implicitly defines an allocation: whenever some group B(k) arrives,

it computes M
(k)
opt, and allocates to B(k) the neighboring right-vertices in M

(k)
opt. The valuation

function for that group is the maximum weight matching induced by the vertices of B(k) and the
neighboring right-vertices. Moreover, this valuation function is known as the assignment valuation
function [17], and also as the OXS valuation [16]. In particular, it is known to be submodular.

We note that our Algorithm 1 is identical to the algorithm from [13] for online submodular
combinatorial auctions, but modified only to process groups. From [13], we conclude the following
result:

Theorem 1. For the online BVM-G problem, Algorithm 1 is 1/e-competitive.

2.2 An Alternative, Direct Approach

We now present an alternative approach. Consider the following algorithm, which makes two
modifications to the 1/e-competitive algorithm used by Kesselheim et al. [13] for the online BVM
problem. First, as above, we first modify the algorithm to process vertices group by group. Second,
in [13], they skip the first τ = ⌊n/e⌋ elements, and get a competitive ratio of 1/e− 1/n. Here, we
draw τ ∼ Binom(q, p), and skip the first τ groups. We will show that with p = 1/e, our algorithm
is 1/e competitive for the online BVM-G problem. Finally, we note that randomizing τ allows us
our analysis to extend easily in the continuous setting, which we formally define later.

We first introduce some notation. In the below, for any i ∈ [q], let B(i) denote the (random)
group arriving at iteration i. For any group B, let δ(B) be the edges incident to some vertex in
B, and for any set of edges E , w(E) :=

∑
e∈E w(e). Let OPT denote the weight of the optimal

offline matching over G. For some subset L′ ⊆ L, let OPT |L′ denote the weight of the edges in
the optimal matching that are incident to some vertex in L′. Lastly, let Si denote the (random)
set of first i groups observed thus far. We analyze the following algorithm.

Algorithm 2 Algorithm for Bipartite Matching Secretary with Groups

1: For p ∈ [0, 1], sample τ ∼ Binom(q, p), and skip the first τ groups.
2: For each subsequent group B(i) (where i > τ):

• Compute the optimal matching, M
(i)
opt, on the subgraph of G induced by the vertices of

all i groups seen thus far.

• For each vertex v ∈ B(i), if the edge (v, r) is in M
(i)
opt and the vertex r is currently

unmatched in M , add edge (v, r) to M .

We have the following lemma, which lower bounds the weight of the edges δ(B(i)) that con-

tribute to M
(i)
opt:

Lemma 2. For any threshold τ , and any i ∈ [q], E
[
w(δ(B(i)) ∩M

(i)
opt) | τ

]
≥ 1

q ·OPT
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Proof. Note that Si is equally likely to be any combination of i distinct groups. Fixing Si = S, we
have that:

E
[
w(δ(B(i)) ∩M

(i)
opt) | S

]
=

1

i

∑
B∈S

w(δ(B) ∩M
(i)
opt) =

1

i
· w(M (i)

opt(S)) (1)

Where M
(i)
opt(S) is the max weight matching of iteration i when Si = S. Thus, w(M

(i)
opt(S)) ≥

OPT |S . Since every group is a member of S uniformly with probability i/q, E [OPT |S ] =
(i/q)OPT . It follows that:

ES

[
E
[
w(δ(B(i)) ∩M

(i)
opt) | S

]]
=

1

i
·ES

[
w(M

(i)
opt(S))

]
≥ 1

i
ES [OPT |S ] =

1

q
·OPT (2)

Note that w(δ(B(i)) ∩M
(i)
opt) is the weight of the edges that are candidates for selection before

we check if adding them constitutes a valid matching. For each such edge, e = (v, r), we add it
only if r has yet to be matched. We next rigorously lower bound the probability at each iteration
t that any right vertex r is available to be matched.

For readability, we introduce a few more definitions. For any group B, let π(B) = i denote the
event that group B arrives in iteration i. For a right vertex r ∈ R, define Φ(r, t) to be the event r
is matched at any iteration t′ < t (and is thus not available at t) and ϕ(r, t) to be the event that r
is matched in iteration t. Lastly, for some set of first k groups observed Sk let σ(Sc

k) be the arrival
order of the remaining groups Sq \ Sk. We have the following lemma:

Lemma 3. For any threshold τ , any r ∈ R, t > τ , and any choice of first t− 1 groups St−1, and
any arrival order of the remaining groups σ(Sc

t−1), P
[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
≥ τ

t−1 , where the
probability is taken over arrival orders over St−1, and all arrival orders are equally likely.

Proof. We prove the above claim by induction. Fix any right vertex r ∈ R and any threshold τ .
For the base case, when t = τ + 1, the claim holds trivially, since no edges are added before τ .
Now suppose that P

[
¬Φ(r, t− 1) | St−2, σ(S

c
t−2)

]
≥ τ

t−2 holds for all choices of St−2 and σ(Sc
t−2).

We first prove a fact that we will use twice below. Let St−1 be a fixed set, σ(Sc
t−1) be a fixed

arrival order over the remaining groups, let B be any group in St−1, and suppose that π(B) = t−1.
The event that St−1 is the first t−1 groups we observe and B being the group arriving in iteration
t − 1 is equivalent to St−2 being the first t − 2 groups that we observe and B being the group
arriving in iteration t − 1. In other words, St−1 ∧ π(B) = t − 1 ⇐⇒ St−2 ∧ π(B) = t − 1.
Moreover, π(B) = t− 1 ∧ σ(Sc

t−1) implies some fixed arrival order σ(Sc
t−2). Therefore:

P
[
¬Φ(r, t− 1) | St−1, π(B) = t− 1, σ(Sc

t−1)
]
= P

[
¬Φ(r, t− 1) | St−2, π(B) = t− 1, σ(Sc

t−1)
]
(3)

= P
[
¬Φ(r, t− 1) | St−2, σ(S

c
t−2)

]
≥ τ

t− 2
(4)

Where the final inequality is our induction hypothesis. Now by definition:

P
[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
= P

[
¬ϕ(r, t− 1) ∧ ¬Φ(r, t− 1) | St−1, σ(S

c
t−1)

]
(5)

We have the following cases:

• Case 1: St−1 is such that r does not belong to M
(t−1)
opt . Then r certainly cannot be

selected in iteration t− 1. In other words: P
[
¬ϕ(r, t− 1) | St−1,¬Φ(r, t− 1), σ(Sc

t−1)
]
= 1.

Thus, expanding (5):

P
[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
= P

[
¬ϕ(r, t− 1) | ¬Φ(r, t− 1), St−1, σ(S

c
t−1)

]
·P
[
¬Φ(r, t− 1) | St−1, σ(S

c
t−1)

]
(6)

= P
[
¬Φ(r, t− 1) | St−1, σ(S

c
t−1)

]
(7)

But 3 and 4 imply that for every B ∈ St−1, P
[
¬Φ(r, t− 1) | St−1, π(B) = t− 1, σ(Sc

t−1)
]
≥

τ
t−2 . Therefore, P

[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
≥ τ

t−2 > τ
t−1
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• Case 2: St−1 is such that r belongs to M
(t−1)
opt . Then exactly one group, say B∗, in

the first t− 1 groups, contains a vertex adjacent to r in M
(t−1)
opt . Thus, r is not matched in

iteration t− 1 if and only if any block other than B∗ arrives in iteration t− 1 or r has been
matched at a previous iteration. So, by definition, ¬ϕ(r, t−1) ⇐⇒ Φ(r, t−1) ∨π(B∗) ̸= t−1.
Thus:

P
[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
= P

[
¬Φ(r, t− 1) ∧ ¬ϕ(r, t− 1) | St−1, σ(S

c
t−1)

]
(8)

= P
[
¬Φ(r, t− 1) ∧ (Φ(r, t− 1) ∨ π(B∗) ̸= t− 1) | St−1, σ(S

c
t−1)

]
(9)

= P
[
¬Φ(r, t− 1) ∧ π(B∗) ̸= t− 1 | St−1, σ(S

c
t−1)

]
(10)

= P

¬Φ(r, t− 1) ∧
⊔

B ̸=B∗

π(B) = t− 1 | St−1, σ(S
c
t−1)

 (11)

=
∑

B ̸=B∗

P
[
¬Φ(r, t− 1) ∧ π(B) = t− 1 | St−1, σ(S

c
t−1)

]
(12)

Under uniform random arrival order, for any B ∈ St−1, P
[
π(B) = t− 1 | St−1, σ(S

c
t−1)

]
=

P [π(B) = t− 1 | St−1] =
1

t−1 . Once more, P
[
¬Φ(r, t− 1) | St−1, π(B) = t− 1, σ(Sc

t−1)
]
≥

τ
t−2 . Since there are t− 2 groups B ∈ St−1 such that B ̸= B∗, we may simplify 12:

P
[
¬Φ(r, t) | St−1, σ(S

c
t−1)

]
≥ (t− 2) · τ

t− 2
· 1

t− 1
=

τ

t− 1
(13)

As an immediate consequence of Lemma 3, we have that for every τ , any r ∈ R, and t > τ :

P [¬Φ(r, t)] ≥ τ

t− 1

Before we proceed to the main result, we first need the following technical lemmas, which we
prove in the appendix:

Lemma 4. For all n, and any p ∈ [0, 1], let X(n, p) ∼ Binomial(n, p) be a random variable, with
cumulative distribution function FX(n,p)(x) := Pr[X(n, p) ≤ x]. Then:

n∑
j=1

1

j
FX(n,p)(j − 1) =

n∑
k=1

(1− p)k

k
(14)

Lemma 5. For all n, and any p ∈ [0, 1], let X(n, p) ∼ Binomial(n, p) be a random variable, and
define

H(x) =


0 if x = 0

x

n

n∑
i=x+1

1

i− 1
if x ≥ 1

we have that:

EX(n, p)[H(X(n, p))] = p ·
n−1∑
k=1

(1− p)k

k
(15)

We are now ready to present the main result:

Theorem 6. Algorithm 2 with p = 1/e is 1
e -competitive for the bipartite matching secretary with

groups.
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Proof. For q = 0, 1, the result is trivial. So suppose that q ≥ 2. As above, let B be the (random)

group arriving at iteration i. For each edge e = (v, r) in δ(B)∩M
(i)
opt, we formally select it if r has

not yet been matched (and is thus, still available) by iteration i. Let Ai denote the expected weight
of the edges formally selected in iteration i. Combining Lemma 2, Lemma 3, and the linearity of
expectation, for a given τ :

E [Ai | τ ] = E

 ∑
e∈δ(B)∩M

(i)
opt

e=(v,r)

w(e)1¬Φ(r,i) | τ

 ≥ τ

i− 1
E
[
w(δ(B) ∩M

(i)
opt) | τ

]
≥ τ

q · (i− 1)
·OPT

(16)

For τ ≥ 1 (we will account for the contribution when τ = 0 later) and summing from i = τ + 1 to
q:

E [ALG | τ ] =
q∑

i=τ+1

E [Ai] ≥
τ

q
·OPT ·

q∑
i=τ+1

1

(i− 1)
= OPT · p ·

q−1∑
k=1

(1− p)k

k
(17)

Where the final equality follows from Lemma 5.

Therefore, Eτ [E [ALG | τ ]] ≥ E [ALG ∧ τ = 0] + OPT · p ·
∑q−1

k=1
(1−p)k

k . To account for
E [ALG ∧ τ = 0], we note that the group arriving in iteration 1 may contribute only if τ = 0.
Clearly, all right vertices are available in iteration 1, so the contribution is

E [A1] = E
[
w(δ(B) ∩M

(1)
opt)

]
≥ 1

q
·OPT

Since P [τ = 0] = (1− p)q,

E [ALG ∧ τ = 0] ≥ E [A1 | τ = 0] ·P [τ = 0] ≥ (1− p)q

q
·OPT

Summing everything up we have:

E [ALG] ≥ OPT ·

(
(1− p)q

q
+ p ·

q−1∑
k=1

(1− p)k

k

)

It suffices to show that there is p ∈ [0, 1] so that (1−p)q

q + p ·
∑q−1

k=1
(1−p)k

k ≥ 1/e for all q. Now let

Yq(p) :=
(1−p)q

q + p ·
∑q−1

k=1
(1−p)k

k for q = 2, 3, . . . First note that:

Yq(p)− Yq+1(p) = (1− p)q+1/(q(q + 1)) ≥ 0, for p ∈ [0, 1] ,

We recognize the Taylor expansion of − ln p in the sum term
∑q−1

k=1
(1−p)k

k . Therefore, Yq(p) ↘
Y (p) = −p ln p as q → ∞. Seting p = 1/e, Y (p) = 1/e, which implies the result.

2.3 Fixed Time Horizons

The above problem (and many secretary problem settings in general) assumes that we know the
number of elements (here, groups) that will be arriving in advance, which we use only to set the
number of elements we skip. In real world applications, this is frequently an unrealistic assump-
tion. For instance, a company interviewing candidates to fill positions may not know how many
candidates will apply in advance. Instead, we might know that we must hire somebody over some
fixed time horizon [0, t]. We may then consider a continuous version of the above setting, where
we instead don’t know the number of groups that arrive in advance. Of the ones that do arrive,
we assume that their arrival times F (z) are i.i.d. on the real time interval [0, t]. We note that this
is essentially the setting proposed by Bruss [3] for the classical secretary problem. For this setting,
we can reuse our above analysis to deduce a 1/e-competitive algorithm:

7



D
RA
FT

Theorem 7. There exists a 1/e-competitive algorithm for the continuous online BVM-G (and
BVM) problem, where the number of groups is unknown, and arriving groups have i.i.d. arrival
times F (z).

Proof. WLOG, we may assume that F (z) is uniform4 on [0, 1]. Suppose q groups arrive during
[0, t]. Then, we can modify Algorithm 2 (following the analysis in Bruss [3]) and set τ = 1/e, so
that we skip any group that arrives before t = 1/e, and run the algorithm as usual for each group
arriving after 1/e. Note that, the number of groups arriving before 1/e is a random variable with
distribution Binom(q, 1/e). Therefore, by setting τ = 1/e, we are skipping the first Binom(q, 1/e)
groups, and for each group that arrives, we compute the max matching, and pair all vertices in the
group with their corresponding vertices in the max matching, provided that doing so constitutes a
valid matching. This is now exactly identical to Algorithm 2, so the result follows from Theorem
6 if we set τ = F−1(1/e).

4Since otherwise, we may just introduce a change of time x = F (z) so that in the x time scale, time runs from 0
to 1, and for each group arrival time Z, X = F (z) is uniform on [0, 1]. See Theorem 2.1.10 in [4] on the probability
integral transform.
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Deferred Proofs

We have the following Lemma, which relates the derivative of a binomial distribution function to
a binomial density function, which will help us prove Lemma 4:

Lemma 8. For any n, and some p ∈ (0, 1), let X (n, p) ∼ Binomial (n, p), X (n− 1, p) ∼
Binomial (n− 1, p), and define FX(n,p) (x; p) := Pr (X (n, p) ≤ x | p).

d

dp
FX(n,p) (x; p) = −nP (X (n− 1, p) = x)

Proof. By definition, FX (x; p) =
∑x

k=0

(
n
k

)
pk (1− p)

n−k
. Differentiating, we have:

d

dp
FX (x; p) =

x∑
k=0

(
n

k

)
d

dp

(
pk (1− p)

n−k
)

(18)

=

x∑
k=0

(
n

k

)(
kpk−1 (1− p)

n−k − (n− k) pk (1− p)
n−k−1

)
(19)

=

x∑
k=0

((
n

k

)
kpk−1 (1− p)

n−k −
(
n

k

)
(n− k) pk (1− p)

n−k−1

)
. (20)

To simplify, let Ak =
(
n
k

)
kpk−1 (1− p)

n−k
. Using the identity

(
n
k

)
(n− k) = (k + 1)

(
n

k+1

)
, the

second term in the summand can be expressed as:(
n

k

)
(n− k) pk (1− p)

n−k−1
= (k + 1)

(
n

k + 1

)
pk (1− p)

n−k−1
= Ak+1.

Thus, 20 is telescoping:

d

dp
FX (x; p) =

x∑
k=0

(Ak −Ak+1) = A0 −Ax+1.

Clearly, A0 = 0. The last term is Ax+1. Noting that (x+ 1)
(

n
x+1

)
= n

(
n−1
x

)
:

d

dp
FX (x; p) = −Ax+1 = − (x+ 1)

(
n

x+ 1

)
px (1− p)

n−(x+1)
= −n

(
n− 1

x

)
px (1− p)

n−1−x

Where P (X (n− 1, p) = x) =
(
n−1
x

)
px (1− p)

n−1−x
.

For all of the proofs below, we fix any n ≥ 1, and any p ∈ (0, 1) we let X (n, p) ∼ Binomial (n, p),
X (n− 1, p) ∼ Binomial (n− 1, p), and define FX(n,p) (x; p) := Pr (X (n, p) ≤ x | p). We now pro-
ceed with the proof of Lemma 4:

Proof of Lemma 4. We first prove that:

n∑
j=1

1

j
FX(n,p) (j − 1) =

n∑
k=1

(1− p)
k

k
(21)

For p = 0, this is trivial. Fix n and let X (n− 1, p) ∼ Binomial (n− 1, p). We let L (p), R (p)
denote the left and right hand sides of 21. We will differentiate both sides with respect to p. From
Lemma 8, d

dpFX(n,p) (x; p) = −nP (X (n− 1, p) = x). Therefore:

L′ (p) =

n∑
j=1

1

j

∂FX(n,p) (j − 1)

∂p
=

n∑
j=1

1

j

(
−n

(
n− 1

j − 1

)
pj−1 (1− p)

n−j

)
Since n

j

(
n−1
j−1

)
=
(
n
j

)
, this is equivalent to:

9
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L′ (p) = −
n∑

j=1

(
n

j

)
pj−1 (1− p)

n−j
= −1

p

n∑
j=1

(
n

j

)
pj (1− p)

n−j
(22)

The summation represents the probability P (X (n, p) ≥ 1), which is 1 − P (X (n, p) = 0) =
1− (1− p)

n
. Thus:

L′ (p) = −1− (1− p)
n

p

For the right hand side:

R′ (p) =
d

dp

n∑
k=1

(1− p)
k

k
= −

n∑
k=1

(1− p)
k−1

= −1− (1− p)
n

p

Where the final equality results from noting the finite geometric series. Since L′ (p) = R′ (p),
L (p) = R (p) + C. Clearly R (1) = 0. Now note that for p = 1, X (n, p) = n > j − 1, so
FX(n,p) (j − 1) = 0, which implies L (1) = 0, so C = 0, and L (p) = R (p).

We now present the proof of Lemma 5:

Proof of Lemma 5. Recall that

H(x) =


0 if x = 0

x

n

n∑
i=x+1

1

i− 1
if x ≥ 1

We now show that:

EX(n, p)[H(X(n, p))] = p ·
n−1∑
k=1

(1− p)k

k
(23)

We have that:

EX(n,p)

X (n, p)

n
·

n∑
i=X(n,p)+1

1

(i− 1)

 =

n−1∑
j=1

j

n
·P (X (n, p) = j)

n∑
i=j+1

1

(i− 1)
(24)

=

n∑
i=2

1

i− 1
·

i−1∑
j=1

j

n
Pr [X (n, p) = j]

 (25)

=
n−1∑
i=1

1

i
·

 i∑
j=1

j

n
Pr [X (n, p) = j]

 (26)

=

n−1∑
i=1

1

i
·

 1

n

i∑
j=1

j ·
(
n

j

)
pj (1− p)

n−j

 (27)

Since j ·
(
n
j

)
= n ·

(
n−1
j−1

)
:

j ·
(
n

j

)
pj (1− p)

n−j
= n ·

(
n− 1

j − 1

)
pj (1− p)

n−j
= np ·

(
n− 1

j − 1

)
pj−1 (1− p)

(n−1)−(j−1)
.

Note that, P (X (n− 1, p) = j − 1) =
(
n−1
j−1

)
pj−1 (1− p)

(n−1)−(j−1)
. We may simplify 27 and

swap indices of summation:

10
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n−1∑
i=1

1

i
·

 1

n

i∑
j=1

j ·
(
n

j

)
pj (1− p)

n−j

 =

n−1∑
i=1

1

i
·

i∑
j=1

p · P (X (n− 1, p) = j − 1) (28)

= p

n−1∑
i=1

1

i
FX(n−1,p) (i− 1) = p ·

n−1∑
k=1

(1− p)
k

k
(29)

Where the final equality follows from Lemma 4.
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